Abstract. We present in this paper a C 1 -metric on an open neighbourhood of the origin in Ê 5 . The metric is of Lorentzian signature (1, 4) and admits a solution to the twistor equation for spinors with a unique isolated zero at the origin. The metric is not conformally flat in any neighbourhood of the origin. The construction is based on the Eguchi-Hanson metric with parallel spinors on Riemannian 4-space.
Introduction
For spinor fields of suitable weight on semi-Riemannian manifolds there exist two conformally covariant linear differential equations of first order, the Dirac equation and the twistor equation. The twistor equation is overdetermined and the existence of solutions, which are called conformal Killing spinors or simply twistor spinors, is constraint by curvature conditions on the underlying space. The twistor equation was first introduced by R. Penrose in General Relativity. In the second half of the 1980th A. Lichnerowicz started a systematic investigation of twistor spinors on Riemannian spin manifolds in the context of conformal differential geometry (cf. [Lic88] , [Lic89] , [Lic90] ). Special solutions of the twistor equation are Killing spinors and parallel spinors, for which nowadays many geometric structure results are known.
From the view point of conformal geometry twistor spinors with zeros are of particular interest (cf. [Lic90] , [KR95] , [KR96] , [KR98] ). This is for various reasons. In the Riemannian case the length square of a twistor gives rise to a rescaled Ricci-flat metric in the conformal class on the complement of the zero set, which consists of isolated points. Such spaces are sometimes called almost conformally Einstein manifolds (cf. [Gov04] ). A result by A. Lichnerowicz states that a compact Riemannian space admitting a twistor spinor with zero is isometric to the standard n-sphere S n , which is a conformally flat space. Any twistor on the n-sphere admits exactly one isolated zero. However, a construction by W. Kühnel and H.-B. Rademacher shows that there exist twistors with zeros on complete non-compact Riemannian spaces, which are not conformally flat. Such solutions occur typically on the conformal completion space to infinity of asymptotically Euclidean spaces with special holonomy (cf. [KR96] , [KR98] ).
In the Lorentzian setting solutions of the twistor equation always give rise to non-trivial conformal Killing vector fields and the zero sets of a twistor and its corresponding conformal Killing vector coincide. There are two types of twistor spinors with zeros. In the first case the associated conformal Killing vector is almost everywhere timelike and the zero set consists of isolated points. Outside of the lightcones of the zeros the geometry is locally conformally equivalent to a static monopole based on a Riemannian space with parallel spinor. In the other case the associated field is lightlike (or zero), the zero set consists of disjoint lightlike geodesics and on the complement of the zero set the geometry is locally conformally equivalent to a generalised pp-wave (cf. [Lei99] , [Lei01] , [Lei04] ).
The associated conformal Killing vector to a twistor with zero has the interesting property that its (local) flow consists of essential conformal transformations, i.e., transformations which are not isometries for any metric in the conformal class of the underlying space. Essential conformal transformation groups are non-compact. A conjecture by A. Lichnerowicz states that compact Lorentzian spaces with essential conformal transformation group are conformally flat. In the Riemannian case it is well known that the only complete spaces with essential (i.e. non-compact) conformal transformation group are the n-sphere S n (compact case) and the Euclidean space (non-compact case) (cf. [Ale72] , [Yos75] , [Oba71] , [LF71] ).
In this paper we construct a family of Lorentzian metrics on (non-compact) open subsets of Ê 5 , which admit twistor spinors with a unique isolated zero. The conformal geometry of these metrics is not flat in any neighbourhood of the zero. The construction is based on the conformal completion of the Eguchi-Hanson metric (cf. [KR96] ). The constructed family of metrics is of class C 1 , i.e., with respect to the standard coordinates on Ê 5 the coefficients of the metrics are continuously differentiable exactly once. The course of the paper is very simple. In section 2 we present the family of metrics in question with some chosen frame and a spinor. In section 3 we calculate that the metrics in the family are of class C 1 and that the given spinor solves the twistor equation.
Metric with frame and spinor
Let us consider the 5-dimensional real vector space Ê 5 with canonical coordinates x = (x 0 , x 1 , x 2 , x 3 , x 4 ). We set n = 5. The Minkowski metric is given by
This metric is of Lorentzian signature (1, 4) and is flat on Ê 5 . We aim to rewrite the Minkowski metric in cylindrical coordinates. So let E be the 4-dimensional vector subspace in Ê 5 defined by x 0 = 0 and denote by r = x 2 1 + x 2 2 + x 2 3 + x 2 4 the radial coordinate on E. The space E {0} (with deleted origin) is diffeomorphic to Ê + × S 3 . Thereby, S 3 denotes the 3-sphere, which is given in E by the equation r = 1. As the group of elements with unit length in E ∼ = À the 3-sphere S 3 is isomorphic to the semisimple Lie group SU(2). The round metric g S 3 on S 3 is SU(2)-invariant and there exist left-invariant 1-forms σ 1 , σ 2 and σ 3 on SU(2) such that
3 in E these left-invariant forms are explicitly given by
We denote the dual orthonormal frame on T S 3 by { ∂ ∂σ1
}. Eventually, we see that the Minkowski metric on Ê 5 {r = 0} is given in cylindrical coordinates by
) . We know that this metric can be smoothly completed to the singular set {r = 0} of the cylindrical coordinate system (which is a real line in Ê 5 ). The result is the Minkowski metric g 0 on Ê 5 . Now let us define the cone
with singular point at the origin of Ê 5 . The boundary set of the cone L in Ê 5 is
As next we define the radial coordinate
Furthermore, let a > 0 be a real parameter. Then we set
L andB a is simply connected. We also denote the set B > a :=B a {r = 0}, where the real line {r = 0} is deleted. OnB a we define a family of pointwise symmetric bilinear forms g a , a > 0, as follows. Let
whereby we set
Obviously, the symmetric bilinear form g a is smoothly defined onB a L o for all a > 0, and by definition, g a restricted to L L o is the flat Minkowski metric. The symmetric bilinear form g a can be rewritten on B > a as
Proposition 1. The symmetric bilinear form g a is a C 1 -metric of Lorentzian signature (1, 4) on the subsetB a of Ê 5 for all a > 0. The metric g a is not of class C 2 .
We want to do some geometric discussion of the Lorentzian metric g a . The restriction of g a to the disk E ∩ B a (with deleted origin) in E ∼ = Ê 4 is given by
This is a Riemannian metric on E ∩ B a , which admits a smooth (even analytic) extension to the origin. Off the origin, the metric g a is conformally equivalent to the Eguchi-Hanson metric
.
In fact, with R := 1/r on E {0} it holds g EH = 1 r 4 ·h a . The Eguchi-Hanson metric is an asymptotically Euclidean hyperkähler metric with irreducible holonomy group SU(2) = Sp(1) and admits a 2-dimensional space of parallel spinors. In particular, g EH is Ricci-flat, but it is not conformally flat. In fact, g EH is half-conformally flat, i.e., the Weyl curvature tensor [KR96] ). We set In particular,g a is Ricci-flat onB a L o .
b) The Weyl tensor W ga of the smooth Lorentzian metric g a onB a L o admits a continuous extension of class C 1 to the singular set L o . For this extension it holds W ga ≡ 0 on L and W ga = 0 on B a , i.e., g a is not conformally flat.
We note that the Ricci-curvature tensor of the metric g a onB a L o does not admit a continuous extension toB a . With µ := ln |r 2 − x 2 0 | it is
Furthermore, we note that the hypersurface {s = 0} is totally geodesic with respect to the metric −ds 2 + g EH . This implies that the disk E ∩B a is a totally umbilic hypersurface in (B a , g a ).
As next we define on B > a with metric g a an orthonormal frame e = {e 0 , e 1 , e 2 , e 3 , e 4 } in the following way. Let . Lemma 1. The orthonormal frame e = {e 0 , e 1 , e 2 , e 3 , e 4 } on B > a is of class C 1 .
We proceed by introducing spinor calculus onB a (cf. e.g. [Baum81] ). Let Spin(1, 4) denote the spin group with universal covering map λ : Spin(1, 4) → SO(1, 4) onto the special orthonormal group and let Cl(1, 4) be the Clifford algebra. The complex spinor module ∆ 1,4 is isomorphic to 4 and a realisation of the Clifford algebra Cl(1, 4) on ∆ 1,4 ∼ = 4 is given by
The Lorentzian manifold (B a , g a ) with C 1 -metric is simply connected and oriented. There exists a unique spin structure
whereby Spin(B a ) denotes a Spin(1, 4)-principal fibre bundle overB a , the spinor frame bundle, which is a 2 -covering of the orthonormal frame bundle SO(B a ) such that the fibre actions of Spin(1, 4) and SO(1, 4) are compatible with the projections π and λ. We denote the spinor bundle on (B a , g a ) by
The spinor bundle S is globally trivial onB a . With respect to a C 1 -section of π : Spin(B a ) →B a (i.e., a global spinor frame of class C 1 ) the space C 1 (B a , S) of differentiable spinor fields is uniquely identified with the space C 1 (B a , ∆ 1,4 ) of ∆ 1,4 -valued differentiable functions onB a . The spinor bundle S admits an invariant inner product, which we denote by ·, · S , and · : T M ⊗ S → S denotes the Clifford multiplication of tangent vectors with spinors. The spinor derivative is ∇ S and the Dirac operator D S acting on spinor fields is given with respect to some (local) orthonormal frame {t 0 , . . . , t 4 } by
The twistor equation for spinor fields φ onB a is given by
This is a first order differential equation on spinors, which is well known to be conformally covariant (cf. section 3). We call a spinor field φ ∈ C 1 (B a , S) a twistor spinor if it satisfies the twistor equation. Any spinor field φ = 0 defines in a unique way a non-trivial vector field V φ (spinor square) by demanding the relation
If φ is a twistor spinor then V φ is a conformal Killing vector field, i.e., it holds
for the Lie derivative of the metric along V φ . The C 1 -frame e : B 
We denote by (4) The zero set of the spinor length square u bc := ψ bc , ψ bc S is L o . The function u bc solves the equation (5) The spinor square V ψbc is a smooth conformal vector field on (B a , g a ). It holds
(6) The vector V ψbc is timelike onB a L o , lightlike on L o {0} and zero only in the origin {0} ∈B a .
Here a vector X = 0 on (B a , g a ) is called timelike if g a (X, X) < 0 and lightlike if g a (X, X) = 0. In short, Theorem 1 says that there exists a 2-dimensional set of twistor spinors on (B a , g a ) for all a > 0, which admit an isolated zero at the origin. There exist no further twistor spinors on (B a , g a ), since the Eguchi-Hanson metric admits exactly two linearly independent (parallel) twistor spinors for a > 0.
For a = 0 we setB a = Ê 5 and g a = g 0 . All twistors with zero at the origin on (Ê 5 , g 0 ) are given by
where u s is a lift of the standard frame { ∂ ∂x0
, . . . ,
∂ ∂x4
} to Spin(B a ) and w 0 ∈ 4 a constant (cf. [BFGK91] ). The metric g 0 is smooth and flat onB 0 . For a > 0 the situation changes. In this case the metric g a is only of class C 1 and the space of twistors shrinks to dimension 2. From Proposition 2 we know that g a with twistors ψ bc gives rise to a curved (conformal) geometry onB a . In fact, g a is not conformally flat in any neighbourhood of the origin {0} ∈B a . Nevertheless, the twistors ψ bc have a zero at the origin. This is an important observation for our construction. Corollary 1. There exists a family of Lorentzian C 1 -metrics g a , a > 0, in dimension 5, which admit twistor spinors and a smooth causal conformal Killing vector field, all with isolated zero at some point {p} such that g a is non-conformally flat around the zero at {p}.
We remark that the vector field V is complete onB a , i.e., the flow of V to the time t generates a 1-parameter group of conformal transformations onB a . These conformal transformations are not isometries with respect to any metric in the conformal class c a := [g a ] (cf. section 3). Conformal transformations with the latter property are called essential. In particular, the conformal Killing vector field V is called essential. The statement of Corollary 1 implies the existence of essential conformal Killing fields and transformations on non-compact Lorentzian spaces, which are not conformally flat. A conjecture by A. Lichnerowicz states that essential conformal transformation groups do not exist on any compact Lorentzian manifold unless it is conformally flat (cf. [D'AG91]). In fact, we do not expect that our construction works on compact spaces.
We want to add some further comments concerning our construction. The metric g a can be considered as a completion of the metric −ds 2 + g EH , which is Ricciflat and 'asymptotically Minkowskian', to the set L with infinity L o . The twistors extend to L as well with a zero at some point of infinity. In general, it is known that a Lorentzian metric with differentiable Weyl tensor has to be conformally flat in the causal past and future of a zero of a twistor spinor (cf. section 3). Therefore, it is also reasonable in our construction to do the conformal completion to L by using the flat Minkowski metric g 0 on the 'other side' of the infinity set L o . There exists no extension (conformal completion) with differentiable Weyl tensor of g a on B a to a neighbourhood of the origin, which is not conformally flat on L, but preserves the existence of a twistor spinor. This fact implies that our completion of g a can not be analytic. We want to point out again that our construction is even not of class C ∞ . However, it remains the question whether there is a conformally equivalent metric to g a onB a , whose regularity is better then of class C 1 . The existence of a C 1 -extension of the Weyl tensor of g a to the infinity set L o certainly does not pose an obstruction to this question.
Proof of statements
We prove here the statements which we made in the previous section. We start with a discussion of the differentiability of certain functions onB a ⊂ Ê 5 . For some arbitrary p-tuple I p = (i 1 , . . . , i p ) ∈ {0, . . . , 4} p let us denote by
a partial derivative of order p. Moreover, for any 5-tuple l = (l r , l 0 , . . . , l 4 ) with l r , l 0 , . . . , l 4 ∈ AE ∪ {0} we set s l := −l r + 4 i=0 l i and define the smooth function
on B a .
We say that the rational function f l is of order s l . Remember that we defined the radial function r o to be (r 2 − x 2 0 )/r on B a and identically zero on L (cf. section 2). For any function f on B a we understand the product r o · f in a unique way as a function onB a = B a ∪ L, which is identically zero on L. For t > 0 a real number we denote B Notice that if a function f is continuous on B a and its absolute value |f| is bounded on B t a for all t > 0 then r o · f is continuous onB a . In fact, for this conclusion it is sufficient for |f| to be bounded on B Proof. First, we note that |x i | < r on B a for all i = 0, . . . , 4, and we see that the absolute value |f l | of any function of the form f l with s l ≥ 0 is bounded on B With these notations it is g a = g 0 − ω a + ρ a onB a , where g 0 is the flat Minkowski metric onB a .
Proof of Proposition 1. The metric g 0 is smooth onB a . We have to discuss the differentiability of ω a and ρ a . The coefficients of the 1-forms r · σ 3 and α/r are of order s l = 0 resp. s l = 1. With application of Lemma 2 we conclude that ω a is of class C 3 and ρ a is of class C 1 . The symmetric 2-form ρ a is not of class C 2 . This implies that the symmetric bilinear form g a onB a is of class C 1 for all a > 0, but it is not of class C 2 . We postpone the proof that g a is a metric of Lorentzian signature until the proof of Proposition 2. The proof of Lemma 1 about the existence of the orthonormal frame e will show the Lorentzian signature of g a as well.
For the proof of Proposition 2 we use the coordinate change 
This shows also T = ∂ ∂R and V = ∂ ∂s .
Proof of Proposition 2: First, we calculate the symmetric bilinear form g a on B a with respect to the coordinate transformation Ψ. Remember that α = (x 2 0 + r 2 )dr − 2x 0 rdx 0 . It holds
and we can conclude that
i.e.,g a is the flat metric for r < |x 0 |. In particular, sinceg a onB a L o is a metric of Lorentzian signature, we have shown that the conformally equivalent symmetric bilinear form g a of class C 1 onB a is a metric and admits Lorentzian signature as well, which completes the proof of Proposition 1.
As next we review curvature properties of the Eguchi-Hanson metric g EH . This discussion will provide us with all the information that we need to prove our claims about the curvature properties of the Lorentzian metricsg a and g a . Let us fix the orthonormal frame
where β := 1 − (a/R) 4 . We denote by {f i : i = 1, . . . , 4} the dual frame. The connection 1-form ω and the curvature 2-form Ω of the Levi-Civita connection ∇ gEH are determined by the structure equations
It holds
and
. The components are explicitly calculated as 
It follows that the Riemannian curvature tensor R EH of g EH is anti-selfdual. This implies that g EH is Ricci-flat and R EH equals the Weyl tensor W EH , i.e., we have
In particular, since the Weyl tensor is a complete obstruction to conformal flatness in dimension 4, we can see that g EH is nowhere conformally flat on its domain of definition (which is B a ∩ E resp. Ψ(B a ∩ E) 
for all i, j, k, l ∈ {0, . . . , 4}, where A, B are sums of functions of the form f l , β · f l and β −1 · f l with order s l = 4, i.e., the extensions of all components to L o by zero are C 1 -functions onB a . We conclude that the Weyl tensor W ga has a continuous extension of class C 1 onB a . Now we consider the frame e = {e 0 , . . . , e 4 }, which we have defined in section 2 and which was claimed there to be orthonormal for g a on B > a and of class C 1 .
Proof of Lemma 1: First, we show that the frame e is orthonormal in every point of (B > a , g a ). Obviously, this is true on L {r = 0}, since g a is the flat Minkowski metric thereon. It is also obvious that the vectors e 2 , e 3 and e 4 are orthonormal for g a on B a and that they are orthogonal to the remaining basis vectors e 0 and e 1 . For the latter we find with
from which we see that e 0 and e 1 are orthonormal with respect to g a = (R 2 − s 2 ) −2 (−ds 2 + g EH ) on B a as well. We conclude that the frame e is a pointwise orthonormal basis on B a .
It remains to discuss the differentiability of the coefficients of the vectors {e 0 , . . . , e 4 }. For this we notice that the function Let us introduce the vectors
) and
with respect to the Ψ-transformed coordinates, and let us denotẽ
which is an orthonormal frame with respect tog a =
As we know from the proof of Lemma 1, it holds Ψ * (e i ) = (R 2 − s 2 ) ·ẽ i , i = 0, . . . , 4. Moreover, we set
On B a this is just the extension by f 0 of the frame {f 1 , f 2 , f 3 , f 4 } that we introduced already for the Eguchi-Hanson metric g EH . The framesẽ, f are transformed on B > a L o by the matrix we have κ = exp(tE 01 ). The elements in the preimage of κ by the group covering λ : Spin(1, 4) → SO(1, 4) are given by ± exp( t 2 γ 0 γ 1 ), whereby we use the γ-matrices introduced in section 2. We choose in the followingκ := exp( t 2 γ 0 γ 1 ), which is given byκ
Before we start with the proof of Theorem 1, let us recall the conformal covariance of the twistor equation in explicit terms. In general, letg = e 2σ g be a rescaled metric in the conformal class of a given metric g and let ϕ = [v s , w] be a twistor with respect to g, whereby v s denotes the lift of some orthonormal frame v. We setφ := [ṽ s , w], wherebyṽ s denotes the lift of the rescaled framẽ v := v · (e −σ id), which naturally corresponds to the lift v s . Then the spinor field e σ/2 ·φ is a twistor spinor with respect to the rescaled metricg (cf. [BFGK91] ).
Proof of Theorem 1: The verification of the first two statements of Theorem 1 is the main part of the proof. We will show this in some few steps. First, we prove that ψ > bc is a twistor on B a and also on L (L o ∪ {r = 0}), which already implies that ψ > bc is a twistor on B > a . Thereby, we will not directly check the twistor equation for ψ > bc , but first use the conformal transformation from g a to the Ricci-flat metricg a . In the next step we show that ψ > bc extends to a C 1 -spinor onB a {0}. This spinor will still be a twistor. Finally, we show that the latter spinor can be extended to the origin by a zero. The resulting spinor ψ bc is a unique continuous extension of ψ 
is a twistor with respect tog a (by conformal covariance). Further, it holds
where f s denotes the lift of the frame f, which corresponds to the liftẽ s . Eventually, with
The spinor derivative of ν bc with respect tog a is given bỹ
where the ω Now let
The standard frame u is orthonormal on L (L o ∪ {r = 0}) and admits a smooth extension to L L o . Of course, the matrix G is singular for r = 0. A transformation matrix for corresponding spinor frames is given bỹ
This form of the matrix is due to the fact that Spin(4) is isomorphic to SU(2) × SU(2). The spinor ψ 
Obviously, the vector valued functioñ We still have to show that ψ o bc extends further to a C 1 -spinor ψ bc onB a . For this purpose, we improve our change of frame from above and introduce a non-singular C 1 -frame around the origin. Then we show that the components of ψ We denote this set by C a . In fact, it holds k 2 − q 2 ≡ 1 on C a , i.e., the transformation matrix Q takes values in SO o (1, 4) and is of class C 1 on C a . The matrix Q is useful, because the transformed frame {h 0 , . . . , h 4 } := e · Q is given by
on B > a ∩ C a , i.e., the first basis vector h 0 admits now a continuous extension to {r = 0}. The remaining basis vectors are still singular at {r = 0}. However, a straightforward calculation shows that the frameh = {h 0 , . . . ,h 4 } := e · (QG) admits a C 1 -extension to {r = 0}, i.e.,h is a non-singular C 1 -frame on C a , which is an open neighbourhood of the origin.
A corresponding transformation matrix to Q for spinor frames is given bỹ
This matrix is again of class C 1 on C a . In particular, it is non-singular and equal to the identity on L. In fact, the matrixQ can be written asQ = ½+r 2 o ·Q, whereQ is some matrix valued function on C a whose components are sums of functions of the form f l with s l ≥ 0. The spinor ψ o bc is expressed with respect to the corresponding spinor frameh s by
From Lemma 2 we know that the function Obviously, the function u bc is smooth onB a and its zero set is L o . We know already from Proposition 2 that u −2 bc · g a is a Ricci-flat metric onB a L o , i.e., the function u bc provides a rescaling to an Einstein metric in the conformal class. It is well known that such a rescaling function satisfies the partial differential equation −u bc · Ric 0 = (n − 2) · Hess(u bc ) 0 .
It is interesting to note that the function u bc has a non-trivial zero set (cf. [Gov04] ). Furthermore, using the definition g a (V ψbc , X) = ψ bc , X · ψ bc S and calculating the products (γ 0 · (−x 0 b, x 0 c, rb, rc) ⊤ , γ i · (−x 0 b, x 0 c, rb, rc) ⊤ ) for i = 0, . . . , 4 shows easily that the spinor square of the twistor ψ bc is equal to V ψbc = (b 2 + c 2 ) · − (x 2 0 + r 2 )e 0 − 2x 0 re 1 = (b 2 + c 2 ) · V .
For (b, c) = 0 the vector field V ψbc is smooth with unique zero at the origin. Finally, since α(V ) = 0, we obtain g a (V, V ) = −(r 2 − x 2 0 ) 2 . This shows that V ψbc for (b, c) = 0 is everywhere timelike except on L o where the spinor square is lightlike resp. zero only at the origin.
Corollary 1 is a simple conclusion using Theorem 1 and Proposition 2. We add some remarks about the vector field V . Although the twistor spinor ψ bc is not smooth, the spinor square V ψbc is smooth. Since ψ bc is a twistor we immediately know that V is a conformal Killing vector field for g a onB a . However, we simply reprove this statement here directly. Namely, it holds
This proves that L V g a = −4x 0 · g a onB a , i.e., V is a conformal Killing vector with div ga (V ) = −10 · x 0 . An interesting property of V is the fact that it is an essential conformal Killing vector field. The reason is that the spinor square V Dψbc of D S ψ bc is given in {0} ∈B a by V Dψbc = n 2 · grad(div(V ψbc )) , which does not vanish, since it holds D S ψ bc = 0 in the origin. This argument is true for any metric in the conformal class c a = [g a ], i.e., the divergence of V ψbc resp. V does not vanish identically with respect to any metric in c a .
Finally, we want to state a reason why an extension of the metric g a on B a to L with differentiable Weyl tensor has to be conformally flat in order to preserve twistor spinors and the conformal Killing vector V . One observes the following facts. All integral curves of V on L converge in one flow direction to the origin, i.e., the origin is in the closure of any integral curve on L. The length square |W 2,2 | 2 of the Weyl (2, 2)-tensor is constant along integral curves of V . Moreover, with our assumptions we know that in the origin W ga has to vanish (cf. [Baum99] ), i.e., |W 2,2 | 2 is identically zero on the closure L of L L o . Then, since V inserted into the Weyl tensor W ga produces zero (cf. [Baum99] ) and V is timelike on L L o , it follows that the length square of W ga is non-negative on L L o and it is zero if and only if the Weyl tensor vanishes. With the argument from before we can conclude that the Weyl tensor of the extension has to vanish on L.
